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:tness proofs for assignment statements

le Bakker

\CT

)rrectness proofs for assignment statements are usually based on

s or Floyd's assignment axiom. We observe .that these axioms do not
(directly) to assignment to subscripted variables. A refined definition
ystitution for subscripted variables is proposed which preserves the

.ty of Hoare's axiom, and which is used in the formulation of an ex-—

m of Floyd's axiom. For both axioms, a validity proof is given within
:amework of denotational semantics of Scott and Strachey. Moreover, it
wn that they yield the weakest precondition and strongest postcondi-

respectively.

)RDS & PHRASES: assignment statement, program correctness, subscripted
variables, Hoare's assigmnment axiom, Floyd's assignment
axiom, substitution, denotational semantics, weakest

precondition, strongest postcondition

.s paper is not for review; it is meant for publication elsewhere.
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1. INTRODUCTION

Consider the assignment statement x := 1. Using either Floyd's forward
assignment axiom, or Hoare's backward assignment axiom, one may infer that
after its execution the assertion x = 1 holds, as might be expected. Some-
what unexpectedly, however, after executing al[s] := 1, where s is some rea-
sonably innocent subscript expression, we cannot at all be sure that the
assertion a[s] = 1 holds. E.g., let s = a[2], and let a[l] and a[2] both
have the value 2 before the assignment. Then, according to the usual seman-
tics of assignment as defined e.g. for ALGOL 60 or PASCAL, we have that
after a[s] := 1, the assertion a[s] = 2 holds! Related is the following ob-
servation: It is widely assumed that the program x := v; v := w§ w = x in-
terchanges the values of v and w. However, this is not true in general. By
way of counter example take v = alallll, w = a[al[2]], and let all] and a[2]
have initial values 2 and 1, respectively.

As far as we know, there is not yet a formal treatment available of the
problems raised by assignment to subscripted variables. The present paper
proposes a method which has as its main feature a refined definition of the
notion of substitution for subscripted variables. Before saying more about
this, let us recall the Floyd and Hoare axioms for assignment. Remember that,

for any statement S and assertions p,q, the formula

(1.1) {p} s {q}

has the intended meaning: For each initial state 0 satisfying p, if S trans-
forms ¢ to final state o' = S(0), then o' satisfies q. Let us call p and q
in (1.1) the precondition and postcondition, respectively. Now let S be the
assignment statement x := t, with x a simple variable and t an integer ex-
pression. Moreover, for any assertion p, let p[t/x] denote the result of
substituting t for x in p, i.e., of replacing all occurrences of x in p by t.

Similarly, we define s[t/x], for s any integer expression. We have

Floyd's forward assigrment axiom [1]

(F) {p} x := t {3ylply/x1] A x = tly/x]]}

(where y is some variable not occurring in p or t)




Hoare's backward assigrment axiom [2]
) {plt/x]1} x :=-t {p}

Observe that Floyd's axiom assumes the precondition given and tells us
w to obtain the (strongest) postcondition, whereas Hoare's axiom assumes
e postcondition given, and enables us to obtain the (weakest) precondition.

or the terms "strongest" and '"weakest' see section 4.)

amples.
Floyd's axiom:

1. {x =0} x := x+ I{3y[(x = 0)[y/x] A x = (x+1)[y/x]1]}
or, after simplification
{x=0}x:=x+ H{Iy[ly =0 A x=7y + 1]},
from which
{x =0} x:=x+ I{x =1}
follows.
Observe that the variable y in the postcondition of (F) is used to
store the value of x before the assignment.
2. {true} x := 1{3y[(true)ly/x] A x = 1[y/x]1]1}
or
{true} x := 1{x = 1}.
Thus, (F) allows us to infer that, whatever precondition we have, after
X := 1 the postcondition x = 1 always holds.
Hoare's axiom:
{(x=1)[x + 1/x]} x := x + l{x = 1}
which reduces to
{x+1 =1} x 1=x+ 1{x =1}
Lo {(x=1)I1/x]1} x = 1{x = 1}
which simplifies to
{1=1}x:=1{x=1},

again allowing us to infer that after x := | we necessarily have that
x =1,
Now let us consider the assignment statement als] := 1. One might be

ipted to expect (F) or (H) to cover also assignment to subscripted vari-




ables., However, this would lead to the undesirable conclusion that, e.g.,
after als] := 1 we necessarily have that a[s] = 1. In fact, if one takes
s = al2], and treats a{a[2]] as a variable of the same nature as the simple

variable x, one could, e.g., apply (H) exactly as above, obtaining
{(alal2]]=1)[1/alal2]]1]1} alal[2]] := 1{ala[2]1] = 1}

vhich reduces to
{1 =1} ala[2]] := 1{alal[2]1] = 1},

ind we therefore see that a direct application of (H) to subscripted vari-
ibles leads to an invalid result. Thus, (F) and (H) cannot be simply carried
ver to assignment in general, and we can state the main goal of our paper:
ind suitable versions of (F) and (H) which are valid for assignment to
subscripted variables as well.

The main tool for the solution of this problem is a careful analysis of
jubstitution for subscripted variables, leading to a new definition which
ill be presented in section 2. It will turn out that (H) remains valid in
‘he form as given, provided that the new definition of substitution is used.
'or (F) we need a somewhat more complex form which is introduced in section
. Essentially, in order to deal with a[s] := t, we use existential quanti-
ication over two variables y and z - not occurring in p,s or t - such that

is used to store the old value of s and y to store the old value of als].

A precise definition of the language we use is to be found in section 2,
nd in section 3 we present its semantics - which amounts to a simple defi-
ition in the style of the denotational semantics of SCOTT & STRACHEY [5] -
ogether with a proof of the validity of (H). In section 4 we also prove
hat the precondition and postcondition as determined by (H) and (the ex-
ended version of) (F) are indeed "weakest" and "strongest", i.e., that they

re the best one can expect, in a sense to be made precise below.

As remarked above, we have not encountered in the literature a satisfac-—
ory formal treatment of assignment to subscripted variables. Some partial

reatment of the problem is to be found e.g. in IGARASHI, LONDON & LUCKHAM [41,




- and presumably elsewhere - where a rule is given which amounts to a defi-
nition of substitution of the following type: Let x,y be simple variables.
Then

alx]ls/alyl] = (if x = y then s else alx]fi)

This rule is indeed obtainable as a special case of ours; but it does not
extend to the general case where x and y are replaced by arbitrary subscript

expressions.

ACKNOWLEDGEMENT: I am indebted to K.R. Apt and P. van Emde Boas for a

number of helpful discussions.

2. SYNTAX AND SUBSTITUTION

Our analysis of assignment will be presented using a language with only
3 very modest syntax: We have statements (assignment statements and sequenc-
2s thereof) and expressions (of two types: integer and boolean) made up
Erom constants and variables (either simple or subscripted) by simple oper-
itions like addition and multiplication for integer expressions, and con-
junction and implication for boolean expressions. For integer expressions
ve moreover have the possibility of forming conditionals. The full descrip-
:ion is given in definition 2.1, in which we use a variant of BNF which

should be self-explanatory.

JEFINITION 2.1 (Syntax of simple programming language).

fhe following syntactical classes are introduced:

1. A set Sl of simple variables, with elements denoted by x,y,... . SV is an
arbitrary set of symbols.

>. A set AV of array variables, with elements denoted by a,b,... . Al is
an arbitrary set of symbols disjoint from SV.

:. A set C of integer constants, with elements denoted by n,m,... . C is a
set of integer denotations, i.e., of certain symbolic entities suggest-

ing corresponding integers as values.




. A set V of variables, with elements denoted by v,w,..., and defined as
vi:= x|als]

. A set E of integer expressions, with elements denoted by s,t,..., and
defined as

Is

Sti= vlnls1 + s * szl if p then s else s, fi

271 1 2
. A set P of boolean expressions, with elements denoted by p,q,..., and

defined as
p::= truelfalselp] A pzlpl > pzls =tls >t

A set S of statements, with elements S SZ""’ and defined as

1°

S::= Sl; Szlv =t

We assume that parentheses may be used freely in our language to enhance
eadability and to avoid ambiguities. We shall not bother to give any formal
pecification of this.

The next definition introduces the form in which correctness of state-

ents is stated:

EFINITION 2.2 (Correctness formulae).
correctness formula is a construct of the form {p} S {q}, with p,q € P
nd S ¢ S.

We also need a definition of syntactic equality:

EFINITION 2.3 (Syntactic equality).
Or s;, 8, € E, s, =8, iff S, and s, are the same sequence of symbols.
imilarly for P, = P,-

rample: Assuming that C = {0,1,2,...}, we have that 0 = 0 and 1 + | # 2.
lso, al[s] = b[t] iff a = b and s = t.

As counterpart of the notion of syntactic equality, we have that of
:mantic equality. Anticipating the definition given in section 3, we men—
lon already that two integer expressions s and t are semantically equal
vritten as s = t in the present section only, in section 3 we remedy this
1satisfactory notation) iff they result in the same value whatever initial
1lues are given to the variables occurring in them. A similar definition

>plies to boolean expresstons.

cample: 0 = 0, a[1+1] = a[2], x + y =y + x, if 1 = 1 then x else y fi = x,

:rue > false) = false.




We now introduce our definition of substition. By way of preparation
nsider a correctness formula {q} S {p}. Let us write - in an ad-hoc nota-
on used only until the end of our informal explanation of the definition

substitution - S:p for the boolean expression which is true for a given
ate o iff p is true for the state S(o). Then, clearly, we have that

:p} S {p} is valid. (A precise definition of the notion of validity fol-

#s in section 3.) Now taking for S the assignment statement v := t, we

tain {(v:=t): p} v := t {p}, and we want to define p[t/v] in such a way

at (v:=t): p holds iff p[t/v] holds. Having established this, we conclude
at {pl[t/v1} v := t {p} is valid, as desired. So let us determine the ef-

:t of v := t upon the boolean expression p, in order to determine (v:=t): p.

is natural to proceed by induction on the structure of p, using, e.g.,
i=t): true = true,...,(vV:=t): P, AP, = ((wi=t): pl) A ((vi=t): pz),...,
1=t): (Sl=52) = (((vi=t): Sl) = ((v:=t): s2)),...,(v:=t): (SI+SZ) =
ri=t): s]) + (Vi=t): Sys+-+,etc. In this way, we decompose the expression
il we encounter its variables, and accordingly we have to determine the
.ue of (V:=t): w, for arbitrary variables v,w. This is done in the follow-
1 case analysis:

>

Let Vv = x, for some simple variable x ¢ SV.

(x:=t): x =t

(x:=t): y =y (x#y)

(x:=t): a[s] = al (x:=t): s]

let v = a[slj, for some a ¢ AV and s € E.

(a[s]] = t): X = x

(als ] :=t): bls,] = bl(als ] := t): so]  (a#b)

(a[sl] 1= t):,a[szj. This is the most interesting case. We distinguish

two subcases:

. (a[s]] t=t): s, =5, Then
(a[slj 1= t): a[52] = t,
. (a[sll = t): 59 # s Then

e
a[(a[s]] = t): 32]

(a[Sl] = t): a[82]
This explanation may help to understand the definition of substitution

ch now follows:




JEFINITION 2.4 (Substition).

‘or any v € / and t € E.

.
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x[t/x] =t
ylt/x] =y (x#y)
als]lt/x] = als[t/x]]
2.V = a[s]], for some a € AV and s, € E.
x[t/als 1] =X
b[szl[t/a[sl]] = b[sz[t/a[s]]]] (a#b)
als,llt/als 1] = iﬁ_sz[t/a[s]]] = s, then t glgg_a[sz[t/a[slljj fi.
xamples.
Let a # b.
blab2]11[1/al2]] =

plt/v] is defined byﬂinduction on the structure of p:
true [t/v] = true, false [t/v] = false,

(p]Apz) [t/V] = p][t/v] A Py [(t/v], and similarly for o,
(s]=s2) [t/ V]

s[t/v] is defined by induction on the structure of s:

(sl[t/vﬂ = sz[t/vﬂ), and similarly for > .

nlt/v] = n,
(sl+sz)[t/V] = sl[t/v] + sz[t/V], and similarly for =,

(if p then s, else sz_gi) [t/v] = if p[t/v] then s][t/v] else sz[t/v]_ii

1
wlt/v] is defined by the following case analysis:

v = x, for some x € SU.

bla[2][1/al21]]
b[if 2[1/al2]1] = 2 then 1 else al[2[1/a[2]]] fi] =

blif 2 = 2 then 1 else a[2] fil.

Semantically (though not syntactically) this last expression equals b[1].
alal2]1[1/alal2]]]
if al2][1/alaf2]]] = a[2] then 1 else ala[2][1/alal[2]]]] fi =
if(if 2 = a[2] then 1 else a[2] fi) = a[2] then 1

else a[if 2 = a[2] then 1 else a[2]fi] fi.

Observe that the last expression is semantically equal to if a[2} = 2

then a[1] else 1 fi.




Using example 2, and anticipating the theorem stating the validity of
') with the new definition of substitution, let us see what happens to the
rst example of secticn 1. Suppose we want to find out under which precon-
tion we can be sure that the assignment ala[2]] := 1 yields postcondition
a[2]] = 1. (Above we noted that the identically true predicate is not suf-

cient.) We obtain the following instance of (H):

{(alal2]1] = 1)[1/alal2]1]]} alal2]1] := 1 {ala[2]] = 1}
', using example 2 just given,

{if a[2] = 2 then a[1] else 1 fi = 1}

afa[2]] := 1
{alal21]] 1}

d it should be clear that the precondition if a[2] = 2 then a[l] = 1 else
ue fi does indeed imply that, after ala[2]] := 1, the postcondition
al2]] = 1 holds.
Observe that Hoare's axiom does not enable us to find the (strongest)
stcondition for precondition true, i.e., we are not yet in the position
give a formal derivation of the situation after alal[2]] := 1 in this
se. This will have to wait till section 4 which brings the extended ver-

on of Floyd's forward axiom.

SEMANTICS OF ASSIGNMENT AND THE VALIDITY OF HOARE'S AXIOM

In this section we define the meaning of the various programming con-
ructs as introduced in section 2. Moreover, we define the notion of va-
dity of a correctness formula, and we show that Hoare's axiom is valid.

The method used for our semantical definitions is in the spirit of the
-called "denotational semantics" as advocated by SCOTT & STRACHEY - e.g.

[5] -, which is best characterized as a systematic process of associating
rious mathematical objects - sets, functions and the like - with the lin-

istic constructs in our language. More specifically, we define a number of




appings which prescribe a value for the elements of each major syntactic
lass: integer expressions including variables, boolean expressions, and
tatements.

As our starting point we take three sets of values:

A: a set of addresses, with elements denoted by a, Apseee o

I: a set of iZntegers, with elements denoted by u, v,... .

{T, F}: a set of truth-values, with the two elements T and F.
urthermore, we give a name to the mappings from A to I:

£ =(A~>1T1), is called the set of stores with elements denoted by

Oy Opsere -

Meaning will be provided to integer expressions in E by mapping them to
, to boolean expressions in P by mapping them to {T, F} and to statements
n S by mapping them to I. First, however, we have to clarify the role of
he set A. Roughly, the idea is that we map each variable in V to an address
n A - which mapping we call the enviromment ¢ - and then use the store o
o find the value V stored in a. For simple variables this gives no problem,

nd we have the picture

tere x € SV, a ¢ A, Ve I, ¢ ¢ Env (the set of all environments) and o € I.
>r subscripted variables als] the situation is more complicated, as we

1all discuss preéently. Before doing this, we already mention that below

2 shall model the assignment x := t as an action which changes the store
into ¢' in the following way: For each o' # a = €(x), o' remains the same

5 g, but 0'(x) is set to p, where p is the integer resulting from evaluating
in the (old) store o.

Now what about € for subscripted variables a[s]? We cannot directly
:fine € for such arguments. Instead, we first have to evaluate s, yielding
1 integer v, and then we apply € to the pair (a,v). Moreover, in evaluating
we need the current environment and store in order to evaluate the vari-
>les occurring in s. Altogether, we obtain the situation defined below, in
1ich we use the terminology of left-hand-values and right-hand-values as
1itroduced originally in STRACHEY [6]. Let
Env = ((SV u(AVxI)) » A)




..e., each € € Env is a mapping defined either on simple variables x ¢ S
r on pairs (a,v) with a € AV and v € 1. As a result, € produces an ad-
lress a. Furthermore, € is required to satisfy the following uniqueness
ondition: e(x) = e(y) iff x = y, e(x) # €(a,v) for all x, a and v, and
:(a,v) = e(b,u) iff a =b and u = v.
1+ (E>(Envxi~1))
'or each integer expression s € E, R determines its right-hand-value,
thich is an integer and which depends on the current environment and
itore: R(s)(e,0) = v, for some v € I.
(V=(Envxi-A))
'or each variable v ¢ V/, L determines its left-hand-value, which is an
.ddress and which also depends on € and o: L(v)(e,0) = a, for some a € A
(P~(Envxz~+{T, F}))

'or each boolean expression p € P, T determines its value which is a

ruth-value, depending on € and o: T(p)(e,o0) €{T, F}.

The definitions of L, R and T are given in

INITION 3.1 (Semantics of expressions).

L(x) (e, 0) = e(x)

L(als])(e,0) = e(a,R(s)(e,0))

R(v) (e,0) = o(L(v)(e,0))

R(n) (e,0) = v, where v is the integer '"suggested'" by the integer

constant n
R(s]+sz)(e,o) = plus (R(sl)(e,o), R(sz)(e,c)), where plus has the usua’
mathematical meaning

R(sl*sz)(s,o) is defined similarly

IR(SI)(E’G)’ if T(p)(e,o) =T
R(if p then s else s, fi) = 1

R(sz)(s,o), if T(p)(e,o0) = F
T(true)(e,0) =T
T(false)(e,0) = F

T(p;Ap,)(e,0) = (T(p,)(e,0) & T(p,)(e,0)),
where "&" has the usual meaning of conjunction of truth-values

T(p2p,) (£,0) = (T(p;)(,0) = T(p,) (e,0)),

where "s" has the usual meaning of implication between truth-values

T(sl=sz)(s,0) = (R(sl)(e,o) = R(sz)(e,c)),
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where the right-most equality sign has the usual meaning of equality
between integers

T(sl>sz)(e,o) is defined similarly.

xamples.
. Let e(a,l) = a5, e(a,2) = Gy, c(a]) = 2, c(az) = 1, Let us, for conve-
nience's sake, assume that 1,2,... are elements both of C and I. Then
R(alal111) (e,0) = o(L(alal111)(e,0)) =
o(e(a,R(al1])(e,0))) = o(e(a,o(L(al1])(e,0))))
o(e(a,o(e(a,R(1)(e,0))))) = o(e(a,o(e(a,1))))
o(e(a,c(al))) = o(e(a,2)) = o(az) =1,
Let e(x) = a5, e(y) = G5 e(z) = aqs o(al) = 3, c(az) = 2, o(a3) =1,
Then
T(x+y=2z) (e,0) = (R(x+y)(e,0) = R(z)(e,0)) =
(plus(R(x) (e,0), R(y)(e,0)) = R(2)(e,0)) =
(plus(o(e(x)), o(e(y))) = a(e(2))) =
(plus(3,2)=1) = (5=1) = F.

For the definition of the meaning of a statement, we need a new piece

f notation:

JEFINITION 3.2 (Variants of the store).
et 0 € I, o € A, v € I. Then o{v/a} is a new store defined as follows:

v, if a = o'

o{v/al(a') = {

o(a), if o # a"

Thus, o' = o{v/a} is like o, but for the fact that o'(a) is set to v.

n the sequel we shall use the easy lemma:

JEMMA 3.3.
o olv, /aHv,/a} = olv,/al
" c{vllal}{vzlaz} = o{vz/az}{vlla]}, for a, ¢ o

roof. Obvious. [

We now define a mapping M:(S>(EnvxI-»I)) which gives a meaning to state-

1ents.

BIBLIOTHEEK MATHEMATISCH CENTRUM
e AMSTER D AM




'INITION 3.4 (Semantics of statements).
M(v:=t)(e,0) = o{R(t)(e,0)/L(v)(e,0)}
M(s,38,) (e,0) = M(S,) (e,M(S ) (€,0)).
words, an assignment statement v := t changes the store by updating its

ue in the left-hand-value of v with the right-hand-value of t.

mple. Let e(x) = a, e(y) = Gy, e(z) = as, c(az) = 3, c(a3) = 2, We cal-
ate M(x:=y; y:=2z; z:=x)(e,0) as follows:
[(x:=y; yi=2z; z:=x)(g,0) =
[(z:=x) (e, M(x:=y; y:=2)(e,0)) =
(z:=x)(e, M(y:=2)(e, M(x:=y)(g,0))) =
[(z:=x) (e, M(y:=2)(e,0{R(y)(e,0)/(L(x)(e,0)})) =
[(z:=x) (e, M(y:=z)(e,0{3/al})) =
l(z:=x)(e,c{3/al}{2/a2}) =
'{3/a1}{2/a2}{R(x)(e,c{3/a]}{Z/uz}/
L(Z)(€,0{3/a1}{2/a2})} =
13/a H2/a,H3/agl,
nd we see that we have indeed effectuated an interchange of the values
f the simple variables y and z. (We leave to the reader the calculations

or the case that y and z are replaced by alall]] and alal[2]].)

Finally, we define the notion of validity, which applies to boolean ex-

ssions p and to correctness formulae {p} S {q}.

INITION 3.5 (Validity).

A boolean expression p is satisfied by a pair (e,o0) iff T(p)(e,0) = T.
A correctness formula {p} S {q} is satisfied by (e,o0) iff

[T(p)(e,0) = T(q) (e, M(S)(e,0))] = T.

A boolean expression p is valid - denoted by [=p - iff p is satisfied
by all (e,0). A correctness formula {p} S {q} is valid - denoted by
|={p} s {q} - iff {p} S {q} is satisfied by all (e,o0).

nples

The informal notion of semantic equality between integer expressions s
and t, and between boolean expressions p and q - as used in section 2
- can now be stated formally as well: s = t (informally) iff |=s = t,

and p = q (informally) iff |=(p>q) A (q>p).
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2. Consider the following special case of (H): |={x =0} x = x + 1
{x = 1}. We show its validity, i.e., we show that Ve,o[T(x=0)(e,0)
= T(x=1) (e, M(x:=x+1)(e,0))], or Ve,o[T(x=0)(g,0) =) T(x=1)(e,0{R(x+1)
(e,0)/L(x)(e,0)}]. We distinguish two cases: (i) o(e(x)) # 0. Then
T(x=0)(e,0) = F, and the implication is trivially true.
(ii) o(e(x)) = 0. Then T(x=0)(e,0) = T, and we have T(x=1)(e,0{R(x+1)
(e,0)/L(x)(e,0)}) = T(x=1)(e,o{1/e(x)})
(R(x) (e,0{1/e(x)}) = R(1)(e,0{1/e(x)}))
(1=1) = T.

(o{1/e(x)}(e(x)) =1) =

This closes our list of semantic definitions, and we are sufficiently

>repared for the proof of our first theorem:

CHEOREM 3.6 (Validity of Hoare's axiom). For each p ¢ P, v e / and t € E:

= {plt/v1} v := t{p}.

’roof. We have to show: Ve,o[T(plt/v])(e,0) = T(p)(e,o0{R(t)(e,0)/L(v)(e,0)})].
.t us put a = L(v)(e,0) and v = R(t)(e,0).It is sufficient to prove that
7e,olT(plt/v]1)(e,0) = T(p)(e,o{v/a})]. By a straightforward argument by in-
luction on the structure of p we reduce this to the proof of Ve,o
R(slt/v])(e,0) = R(s)(e,0{v/a})]. Again proceeding by induction, now on the
structure of s, we have to show that Ve,o[R(w [t/v])(e,o) = R(w)(e,o{v/a})].
le consider only the case that w = a[sl], v = a[sz], for some a € Al and

is Sy € €, the various other cases being even simpler. So we have to show,
'y the definition of substitution:

Ve,o[R(if s,[t/als,]] = s, then t else a[s][t/a[szll] fi)(eso)

2
3.1)

R(a[sll)(e,c{v/a})]
'r, by the semantic definitions, both

Ve,ol( R(s,[t/als,]1) (e;0) = R(s,)(e,0)) =

3.2) (v = R(als; 1) (e,0{v /a}))]




Ve,o[(R(sl[t/a[szjj)(e,o) # R(Sz)(E,U)) =
3)
(R(als [t/als,111)(e,0) = R(als,1)(e,0{v/a}))]

First we consider (3.2). By the induction hypothesis, this reduces to:
ol (R(s)) (e,0{v/a}) = R(s,) (e,0)) = (v=0{v/a}(e(a,R(s,) (e,0{v/a})))) ],
| the desired result is obtained as follows: By the definition of

a = s(a,R(sz)(e,c)). Now put o' = e(a,R(sl)(e,o{v/u})). We have
1/a}(a') = v if o = a'y, and a = a' iff R(sz)(e,o) = R(sl)(e,c{v/a}), using
‘inition 3.2 and the uniqueness condition on €.

Next, we prove (3.3). Let o # a'. We have

R(a[sl[t/a[szll])(e,o) =
o(e(a,R(s [t/als,11)(e,0))) = (ind. hyp.)

o(e(a,R(sl)(e,o{v/a})))

R(als, 1) (e,0{v/a}) =
olv/a}(e(a,R(s,) (e,0{v/al}))) = (ata’)
o(e(a,R(s])(e,o{v/a})))

ether, these two derivations establish (3.3), thus completing the proof

theorem 3.6. [J

ark. One might wonder about the role of the environment €, which remains
ariant throughout the calculations. Indeed, properties if statements con-
ting of sequences of assignments only, may be proven without taking the
ironment into account. However, we have preferred to include € into our
antic model since the environment - store duality yields a better pic-

e of actual implementations. Moreover, for the treatment of some of the

e difficult programming concepts the environment is certainly necessary,

ness the problems raised e.g. by the axiomatic treatment of parameter
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assing in HOARE & WIRTH [3].

. AN EXTENDED VERSION OF FLOYD'S AXIOM

In section 1 we introduced Floyd's forward assignment axiom, which we

oW write as

1) [=1{p} x := t {3ylply/x] A x = tl[y/x]}

(where y is a variable not occurring in p or t)

Properly speaking, this is syntactically illegal, since we have not yet
atroduced the Ix-notation for boolean expressions. In order to remedy this,

> extend the definitions of the previous sections with

IFINITION 4.1 (Extended boolean expressions).
., For any p € P and x ¢ SV, 3x[p] belongs to P.
. T(3x[pl)(e,o0) =T iff there exists v € I such that T(p)(e,o{v/e(x)}) = T.

Employing this definition, it is not difficult to prove (4.1). We omit
1e proof here, since we do give the proof of the extension of (4.1) for
ssignments als] := t.

Before presenting this extension, we devote a brief discussion to the
ytions of weakest precondition and strongest postcondition. Consider the
;neral correctness formula {p} S {q}. The reader should realize that,
rivially, we have that both |= {false} S {p} and |= {p} S {true}. Usually,
» are interested in pre- and postconditions which are best possible, in

1e sense of the following definition

IFINITION 4.2 (Weakest precondition and strongest postcondition).
)x any p € Pand S € S
wp(S,p) is the weakest precondition of S with respect to p iff it
satisfies both
(1) |={wp(s,p)} s {p}
(ii) For all r, if |={r} S {p}, then |=r > wp(S,p).
sp(S,p) is the strongest postcondition of S with respect to p iff it

satisfies both




(1) |=1{p} s {sp(s,p)}
(ii) For all r, if |= {p} S {r}, then |= sp(S,p) o r.

It is not difficult to prove that the precondition from HOARE'S assigr

it axiom is indeed the weakest:

IOREM 4.3. For each v ¢ V, t ¢ E, p[t/v] ig the weakest precondition of
= t with respect to p.

0of. By theorem 3.6, p[t/v] satisfies clause 1(i) of definition 4.2. To
we 1(ii), assume |= {r} v := t {p}, for some r. By the validity definit

have

Ve,olT(r) (e,0) = T(p)(e,0{R(t)(e,0)/L(v)(e,0)}]

| by the proof ?f theorem 3.6, this is equivalent to
Ve,o[T(r)(e,0) = T(plt/v])(e,0)]
to
[=r > p [t/v]. 0

We now return to the problem of extending (4.1). Let us, by way of in-
duction, first consider the case that p = true and t = n, for some n € |
want to find the strongest q such that |= {true} als] := n {q}. We list
e possibilities for q which are successively stronger, until the desire

ongest postcondition is found.

true. This is clearly too weak.

Jz[al[z] = n], where z is used to store the old value of s. This is
n improvement, but not yet strong enough,

= 3y,zlalsl[y/alz]]] = nl], where y and z are variables not occurring in
nd where z is used to store the old value of s and y the old value of
[s]. This is already much better, but still insufficient.

= 3y,zlals[y/alz1]] = n A s[y/alz]] = z], where y and z do not occur
n s. This is the desired solution. Again, z stores the old value of s

nd y of a[s]. However, we also have that s[y/a[z]] = z, as indicated:
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Evaluating s in the new store (i.e., after performing the assignment
als] := n) but making sure that a, indexed by the old value of s, is set
to y, should result in the old value of s, i.e., in z.

Generalizing this argument to arbitrary p and t, we arrive at the de-

ired extension of Floyd's axiom:

HEOREM 4.4. (Extension of Floyd's axiom). For each s,t ¢ E, p € P, a ¢ AV

|= {p} als] := t {3y,z
4.2) [ply/alz]] A z = s[y/alz]] A alz] = tly/alz1]11}
(where y and z do not occur in p,s or t)

oreover, the postcondition in (4.2) is strongest in the sense of defini-

ton 4.2,

Before presenting the proof of the theorem, we first discuss the example
f the beginning of section 1.
canmple. Let p = (al[1]=2 A a[2]=2), s = a[2], and t = 1. We then obtain as

1stance of the postcondition of (4.2):

Jy,z[(al11=2 A al[2]=2)[y/alz]] A
z = a[2]1[y/alz]] A
alz] = 1[y/alz]]]

7 the definition of substitution, this reduces to

3y,z[if 1 = z then y else a[l] fi =2 A
if 2 = z then y else a[2] fi = 2 A
z = if 2 = z then y else a[2] fi A
alz] = 1]

mparing the second and third boolean expression in the conjunction, we

ie that we must take z 2, and the whole expression reduces to

Tafll] =2 Ay =2y
1] =2 A al2] 1. From this we obtain, among other facts, that

a[2]] = 2, as desired.

2 A al2] = 1], which is in turn equivalent to




i a slight variant of this example, we take p = true, t = 1, and

= a[2] in (4.2), and obtain

= {true} ala[2]] := 1 {3y,z[z = if z = 2 then y else a[2] fi A alz] = 1}.
le postcondition of this formula, which may be simplified to

2] =1 v ala[2]] = 1, provides the answer to the question posed at the

id of section 2.

wof of theorem 4.4,
First we prove (4.2). Let o = €(a,R(s)(e,0)), v = R(t)(e,0). By defini-

ons 3.5 and 4.1, we have to show

Ve,o Bﬁ], uz
[T(p)(e,0) =
T(ply/alz]]l A z = s[y/alz]1] A
alz] = t[y/a[z]])(e,c{v/a}{u1/e(y)}{uz/e(z)})]

.3)

w take any (e,0), and let W, o= 0(€(a,u2)), My = R(s)(e,0). Furthermore,
sume T(p)(e,0) and let us write o"' for o{v/a}{ulle(y)}{uz/e(z)}. Using
= e(a,uz) and o(e(a,u,)) = u;, we obtain o"'{ulle(a,uz)} =
ul/e(y)}{uz/e(z)}, using the definitions and lemma 3.3. Let us abbreviate
ulle(y)}{uz/e(z)} to o". We show that the three consequences in (4.3)
1d:
)  T(ply/alz11)(e,o"') = (cf. the proof of the theorem 3.6)

T(p)(e,0""{R(y)(e,0"")/L(alz]) (e,c"")}) =

T(p)(e,0" {u, /e(a,u,)} =

T(p)(e, o™ ) = (y and z do not occur in p)

T(p)(e,0), which holds by assumption. 7
i) R(sly/alz]])(e,o"") =

R(s)(e,o"'{u]/e(a,uz)}) =

R(s)(e,0" ) = (y and z do not occur in s)

R(s)(e,0) uy = R(z)(e,0").
ii) R(tly/alz]1]1)(e,o"') = R(alz])(e,0"). This is shown similar to (ii).

We prove that the postcondition of (4.2) is the strongest possible. Let
use the abbreviation Py = (ply/alz]] A z = s[y/alz]] A alz] = tly/alz]1]).
e any r such that |= {p} als] := t {r} holds. We show that then
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= 3y,z[p0] > r follows. Let o and v be as in part A. Using the various de-

initions, what we have to show amounts to

Ve,olT(p)(e,0) = T(r)(e,0{v/a})] =
Ve,o[T(By,z[pO])(e,c) = T(r)(e,0)]

juivalently, we have to show

Vso,oo[Ve,c[T(p)(e,o) = T(r)(e,o{v/a})] A

Bul,uz[T(po)(e,oo{ul/e(y)}{uZ/E(Z)})] = T(r)(eo,oo)]

c, writing o," = oo{ul/s(y)}{uzle(z)},

VeqsTgst sH,[Ve,0lT(p) (e,0) = T(r)(e,0{v/a})] A T(po)(eo,cg )

= T(r)(e4,0,)]

take any €02902H] 2Hy and let us assume (*):
,o[T(p)(e,0) = T(r)(e,0{v/a})] and T(po)(eo,oo"). To show T(r)(so,co).
use (%), with € = €p» O = od'{u]/eo(a,uz}. From T(po)(so,ca ) we obtain
T(p[y/a[zj])(eo,GO"), or, equivalently,
T(p) (eg,00ln, /eg(auy)h)
i) R(z)(so,cg) = R(s[y/a[z]])(eo,od'), or equivalently,
Hy = R(s)(epy,00"tu, /ey (a,u,)}
ii) R(a[z])(eo,od') = R(t[y/a[z]])(eo,od'), or equivalently,
9y (egla,uy)) = R(t)(eq,04lu, /ey (a,u,) ).

om (i) and the definitions of ¢ and 0, we obtain that T(p)(e,0)holds.

-

us, using (), T(r)(e,o{v/a}) follows. Also, we have, by the definition

a, o = ¢(a,R(s)(e,0)) = e(a,R(s)(e,od'{ul(eo(a,uz)})) =

a,uz), where the last equality follows from (ii). Hence,

v/al = Od'{u]/e(a,uz)}{v/a} = od'{v/a}, by lemma 3.3. From (iii) we derive
at cd'(a) = cd'(eo(a,pz)) = R(t)(eo,od'{ul/eo(a,uz)}) = R(t) (e,0) = v.

1s, cd'{v/a} = cd'. Finally, we have that T(r)(eo,oo) = (y and z not in r)
r)(eo,od') = T(r)(eo,od'{v/a})= T(r)(e,o{v/a}, and the desired result
llows, since T(r)(e,o{v/a})was already shown to have the value T.

This completes the proof of part B and, therefore, of theorem 4.4. [
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